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Abstract
We present a coupled continuum formulation for the electrostatic, chemical, thermal and
mechanical processes in battery materials. Our treatment applies on the macroscopic scale, at
which electrodes can be modelled as porous materials made up of active particles held together
by binders and perfused by the electrolyte. Starting with the description common to the field,
in terms of reaction-transport partial differential equations for ions, variants of the classical
Poisson equation for electrostatics, and the heat equation, we add mechanics to the problem.
Our main contribution is to model the evolution of porosity as a consequence of strains induced
by intercalation, thermal expansion and mechanical stresses. Recognizing the potential for
large local deformations, we have settled on the finite strain framework. We present a detailed
computational study of the influence of the dynamically evolving porosity, upon ion distribution,
electrostatic potential fields, charge-discharge cycles and mechanical force generated in the cell.
1 Introduction
The intercalation of lithium, thermal and mechanical strains drive volume changes in the active
material of battery electrodes. The lattice-scale distortions induced by intercalation change the
kinetics of lithium transport. At a larger scale, as the particles deform, the porous microstructure of
the composite electrode also evolves, and can have a pronounced effect on the effective conductivity,
diffusivity and reaction rates throughout the cell. On a solely theoretical basis, the physics suggests
that there will be changes in the electrochemical response of the cell as a consequence of mechanics.
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The literature on battery materials has seen a number of recent works that explore some of these
effects. Cannarella et al.1 showed that separators stiffen mechanically under intercalation-induced
compressive stresses in the electrodes of cells that were also loaded externally. This stiffening is
a consequence of the nonlinearly elastic response of polymer separators. Gor et al.2 developed a
model for the variation of mechanical properties due to such compression. Shi et al.3 and Xiao
et al.4 used a linear relationship between the local strain of swelling due to intercalation and the
stress. Mendoza et al.5 used a similar linear relationship for the lithiation-induced swelling. The
local stress induced in the compressible separator is known to cause nonuniform lithium transport.6
The loss of active material in the electrodes due to particle fracture, growth of the interface layer,
and disconnection of the electronic pathways leads to capacity fade with cycling.7
Studies8–11 on the changing porosity and microstructure of electrodes and their effect on trans-
port have been carried out by reconstructions of the full 3-D geometry based on X-ray tomography
data. Numerical investigations also have been carried out for the effect of porosity on transport
parameters. These include the work of Kehrwald et al.13 who used tomography-based reconstruc-
tions of the microstructure of porous electrodes to investigate the influence of tortuosity. Du et al.14
conducted microscale simulations on microstructures modelled as random packings of ellipsoidal
particles to determine the effective diffusivity and conductivity used in macroscopic, homogenized
electrode scale models. Also related are the mass transport simulations15 on solid/void-resolving
voxel meshes, derived from image-processing of active particle microstructures, to determine the
effective diffusivity. Earlier, Stephenson et al.16 had developed an “inter-particle” model to account
for different particle sizes and material conductivities in porous electrodes. However, these authors
ignored the varying microstructural geometry and the resulting transient volume changes in their
simulations.
The literature has many reports of particle expansion and porosity variation due to lithiation
during battery operation.17–20 Channagiri et al.18 and Ebner et al.19 also show that, as a result,
the porosity can be non-uniform through the thickness of the electrode. However most battery
performance simulations assume that the particle size of the active material, porosity and thickness
of the electrode remain constant. A few studies have been carried out with parametric variation of
these quantities across simulations.21,22 However, the coupled physics that drives the variation of
these quantities during battery operation has remained beyond the scope of these studies. Rieger
et al.23 modelled the expansion of active material particles due to intercalation by assuming the
stress to be linearly dependent on lithium concentration. The authors extended this model to
the electrode by maintaining a constant volume fraction, i.e., constant porosity of the particles.
However, if the particles swell with intercalation, their volume fraction increases, i.e., the porosity
decreases, as has been reported elsewhere,17–20 but not modelled by Rieger et. al.23 Awarke et al.24
studied the variation of porosity in microscale computations on representative volume elements by
assuming a porosity expression involving the local state of charge and volumetric strain. Then,
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with a homogenized model at the macroscopic, electrode scale, they imposed spatial profiles for the
state of charge and studied how the porosity and conductivity varied.
To the best of our knowledge, however, there have not been modelling studies combining the
following features: (a) Lithium concentration fields that evolve in space and time under the gov-
erning partial differential equations for electro-chemical charge transport, (b) temperature fields
that evolve under the full governing partial differential equation for heat production and transport,
(c) the lithium concentration and temperature fields that drive strain fields governed by the par-
tial differential equations of mechanics for nonlinear elasticity, and cause space- and time-varying
porosity changes, which (d) close the loop by inducing variations in conductivity, diffusivity and
reaction rates. In this communication we aim to fill this gap in the models. We first present such
a framework that constitutes an extension of the pseudo-two-dimensional model of Doyle et al.,25
and accounts for non-constant porosity and particle size in the setting of finite strain elasticity
(Section 2). We briefly discuss numerical and computational issues (Section 3), before proceeding
to a study of porosity effects on battery performance with and without thermal effects (Section 4).
Concluding remarks appear in Section 5.
2 The coupled electro-chemo-thermo-mechanical model
We lay down the governing electrochemical equations, while accounting for changes in configuration
induced by the finite strain kinematics in three dimensions. This treatment may be viewed as an
extension of the pioneering work of Newman and Tiedemann.26 It is then coupled with the thermal
field governed by the heat equation, with heat production from charge transport and reactions. The
novel aspect of this framework is the incorporation of mechanics at finite strain driven by lithiation-
and temperature-induced swelling, and the spatio-temporal evolution of porosity, particle size and
maximum allowable concentrations based on the corresponding kinematics. The effect of porosity
on transport and electrostatic coefficients completes the coupled formulation.
2.1 Electro-chemo-thermal equations
A battery cell usually consists of porous, positive and negative electrodes, a separator and a current
collector (see Figure 1). The simplified porous electrode model25 is widely used, based on the
theory set forth by Newman and Tiedemann.26 The equations that follow correspond to those
in Newman and Tiedemann.26 They are modified to account first for the deformed configuration
of the electrode. Since the evolution of porosity depends on the kinematics of deformation, these
effects are treated jointly in Section 2.2. We note that the porosity was assumed to be constant by
Doyle et al.25 All equations are expressed in the deformed configuration. We only present the final
equations here. Detailed derivations appear in the Appendix.
3
Figure 1: A schematic of the three-dimensional cell showing porous electrodes and separator. In
this model, the electrolyte fills the pores. The current collectors are not shown.
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2.1.1 The electrochemical equations for finitely deforming electrodes
In the deformed configuration of the electrode, Ωe, the integral form of mass balance for lithium is∫
Ωe
∂(sC1)
∂t
dv +
∫
Ωe
sapjndv = 0, (1)
where C1 is the concentration of lithium in the deformed configuration, s is the volume fraction
of solid particles, and ap is related to the inverse radius. For spherical particles of radius Rp, it is
defined as ap = 3/Rp. Finally, jn is the normal flux of lithium on the particle’s surface. A standard
localization argument leads to the ordinary differential equation for mass balance of lithium:
∂
∂t
(sC1) + sapjn = 0, in Ωe. (2)
The integral form of mass balance for Li+ ions over the deformed configuration of the electrode
is ∫
Ωe
∂(lC2)
∂t
dv =
∫
Ωe
∇ · (lDeff∇C2)dv + (1− t0+)
∫
Ωe
sapjndv (3)
where C2 is the concentration of Li
+ ions in the deformed configuration, l is the volume fraction of
pores in the electrode, t0+ is the lithium ion transference number, and Deff is the effective diffusivity
which depends on the porosity approximated by the Bruggeman relationship as shown in Equation
(16). A standard localization argument leads to the partial differential equation for mass balance
of Li+ ions:
∂
∂t
(lC2) = ∇ · (lDeff∇C2) + (1− t0+)sapjn. (4)
In widely used porous electrode models,25 the porosity (volume fraction) is assumed to be constant
during battery operation, and mechanical deformation is neglected. Here, we also assume low
material velocities and volumetric rates of deformation, although we proceed to model the change
in porosity due to the deformation; i.e., we only assume rates to be small, while the deformation
itself is finite. These steps and the corresponding arguments appear in the Appendix. Also note
that the concentrations C1 and C2 are properly defined with respect to the deformed configuration;
i.e., per unit deformed volume.
The equations for the electric fields following Pollard and Newman27 and Doyle et al.25 are,
∇ ·
(
γeff(−∇φE) + γeff 2Rθ
F
(1− t0+)∇ lnC2
)
= apFjn (5)
∇ · (σeff(−∇φS)) = −apFjn (6)
where φE and φS are, respectively, the electric potential fields in the electrolyte and solid, γeff
and σeff are the corresponding effective conductivities which depend on the porosity as shown in
Equation (15) and (17), R is the universal gas constant and θ is the temperature.
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The electrochemical equations are completed with specification of the Butler-Volmer model for
the flux of lithium, jn:
jn = j0
(
exp
(
αaF
Rθ
(φS − φE − U)
)
− exp
(
−αaF
Rθ
(φS − φE − U)
))
(7)
j0 = k0(C2)
αa (C
max
1 − C1surf)αa
(Cmax1 )
αa
(C1surf)
αc
(Cmax1 )
αc
(8)
where αa, αc are transfer coefficients, k0 is a kinetic rate constant, C1surf is the value of C1 at the
particle surface given by equation (48) and Cmax1 is the maximum concentration of lithium that
the particle can contain. Since the particle volume varies due to deformation, Cmax1 is not constant
but is defined by Equation (47) as discussed in Section 2.3. The number of moles of electrode host
material remains constant in the whole electrode, but as the electrode swells the concentration
decreases. Upon defining η = C1Cmax1
, the open circuit potential U(η) can be written as a fit with the
following forms, and is shown in Figure 2:
U(η) =

−0.0923−7.87η+50.07η2−122.28η3+82.98η4+140.29η5−374.73η6+403.25η7−221.19η8+49.33η9
−0.02−1.9η+11.73η2−28.78η3+27.54η4−8.63η5 +ve electrode
0.266 + 0.555e−178.97η − 0.012 tanh(η−0.5570.028 )− 0.0117 tanh(η−0.2390.049 )
−0.0129 tanh(η−0.1750.035 )− 0.05 tanh(η−0.990.0245 )− 0.035η − 0.012 tanh(η−0.130.02 )
−0.152 tanh(η−0.030.023 ) -ve electrode
(9)
The half cell voltages were fit based on experimental data collected using electrodes harvested
from a commercial NMC-graphite cell and cycled at the C/100 hour rate vs lithium metal.
2.1.2 The standard thermal equations
Heat generation and transport are governed by the heat equation, which is derived from the first
law of thermodynamics. For the temperature θ, we have the standard form of the heat equation in
the electrodes:28
ρCp
dθ
dt
= λ∇2θ +Qrxn +Qrev +Qohm (10)
where ρ is the mass density of the electrode, Cp is specific heat and λ is the thermal conductivity.
In the separator, we have:
ρCp
dθ
dt
= λ∇2θ +Qohm. (11)
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Figure 2: Open circuit potential U , as a function of η = C1/C
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1
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The heat generation terms are:
Qrxn = Fajn(φS − φE − U) irreversible entropic heat (12a)
Qrev = Fajnθ
∂U
∂θ
reversible entropic heat (12b)
Qohm = −i1 · ∇φS − i2 · ∇φE Joule heating in electrode (12c)
Qohm = −i2 · ∇φE Joule heating in separator (12d)
The function ∂U/∂θ in Equation (12b) was also written in terms of η and fit to data.38 The fit
appears in the Appendix. Of the full set of electro-chemo-thermal equations (2), (4) and (5-10)
hold in the electrode, and equations (4), (5) and (11) hold in the separator.
Concentration-, temperature- and porosity-dependent constitutive functions are listed below.
All other coefficients are summarized in the Appendix. The conductivity29 and diffusivity30 of
the electrolyte appear in Equations (13) and (14). The Bruggeman relation,25 which appears in
Equations (15–17), is used to calculate the effective conductivity and diffusivity in the porous
electrode.
γ = ((34.5 exp(−798/θ)(1.0× 103C2)3 − 485 exp(−1080/θ)(1.0× 103C2)2
+2440 exp(−1440/θ))(1.0× 103C2))/10)× 106 ∼ pΩ−1/µm (13)
D =
(
10
−4.43− 54
θ−5.0×103C2−299
−2.2×102C2
)
× 108 ∼ µm2/s (14)
γeff = 
1.5
l γ (15)
Deff = 
0.5
l D (16)
σeff = sσs (17)
2.2 Finite strain mechanics and the evolving porosity model
Lithium intercalation/de-intercalation induces particle swelling/contraction which manifests itself
as electrode deformation at the macro-scale. Additionally, the particle and separator undergo
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thermal expansion.a The kinematics of finite strain leads to the following decomposition:
F = F eF cF θ (18)
where F = 1 + ∂u/∂X, is the total deformation gradient tensor averaged over the constituents
of the material. It is multiplicatively decomposed into F e, F c and F θ, which are, respectively, its
elastic, chemical (induced by lithium intercalation) and thermal components. In the absence of a
body force the strong form of the mechanics problem in the current configuration is
∇ · T = 0 (19)
T =
1
detF e
∂W
∂F e
F e
T
(20)
where T is the Cauchy stress tensor and W is the strain energy density function.
The electrodes are composed of solid particles, electrolyte-filled pores and binders as illustrated
in Figure 3. The sum of volume fractions gives
Ωe0 Ωe
Figure 3: The porous electrode mapped by F from its reference configuration, Ωe0 to its deformed
configuration, Ωe.
s0 + l0 + b0 = 1 (21)
s + l + b = 1 (22)
where s, l have been introduced before as the volume fractions of solid particles and pores (assumed
filled with electrolyte), and b is the binder. The subscript (•)0 denotes the corresponding volume
aThe electrolyte is assumed not to undergo thermal expansion. Therefore the decomposition of the deformation
into elastic, swelling and thermal contributions does not apply to it.
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fraction in the reference configuration. For a volume element, we denote its total volume by δV
and the volume of solid particles in it by δVs. Then, we have:
s =
δVs
δV
=
δVs
δVs0
δV0
δV
δVs0
δV0
(23)
=
detF s
detF
s0 (24)
where F s is the deformation gradient tensor over the particle, det denotes the determinant, and we
have used detF = δV/δV0, detF s = δVs/δVs0 , and s0 = δVs0/δV0. Similarly, we have
l =
detF l
detF
l0 (25)
b =
detF b
detF
b0 (26)
where F l and F b are, respectively, the deformation gradient tensors of the pore (assumed filled
with electrolyte) and the binder material. From the theory of mixtures31 the total stress is,
T = T l + T s + T b (27)
We assume that the electrolyte is an ideal, incompressible fluid, implying that T l = Pl1, uniform in
space and constant in time. Furthermore, the stress in the binder is modelled as isotropic, uniform in
space and constant in time so that T b = Pb1. This implies that the elastic deformation of the binder
F eb is also uniform in space and constant in time. This represents a strong assumption for the binder,
which we will seek to relax in future communications by taking account of the microstructure. For
the electrolyte, isotropy of stress is reasonable, while its uniformity and constancy merit closer
examination in microstructurally based treatments.
Assuming a strain energy density function W (F e) with volumetric term
Wvol(F
e) =
1
2
κ(detF e − 1)2 (28)
and the same form for the solid particle, this leads to
trT = κ(detF e − 1)tr1, (29)
trT s = κs(detF
e
s − 1)tr1. (30)
Computing the trace of Equation (27), using (29) and (30), we have
κ(detF e − 1) = κs(detF es − 1) + 3Pl + 3Pb (31)
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We write the swelling of the electrode’s volume element due to lithium intercalation and thermal
expansion using empirically derived functions, β and βθ:
detF c = 1 + β(C1) (32a)
detF θ = 1 + βθ(θ), (32b)
and similarly for its solid component:
detF cs = 1 + βs(C1) (32c)
detF θs = 1 + β
θ
s (θ). (32d)
Then, the volumetric deformation of the element and its solid component can be expressed as
detF = detF e detF c detF θ = detF e(1 + β)(1 + βθ) (33)
detF s = detF
e
s detF
c
s detF
θ
s = detF
e
s(1 + βs)(1 + β
θ
s ) (34)
Note that the models in Equations (32a–32d) represent a simplified approach as an alternative to
rigorous homogenization. The lithium intercation-induced swelling of the solid component is due
only to the active material, and not the binder. The effective swelling, applicable to the entire
solid component has been represented by βs(C1). Thermal expansion also is assumed to occur
only in the active material, but not in the binder; in this case, βθs represents the effective thermal
expansion over the solid component, since we do not consider the temperature field θ to vary over
the spatial scale of active material and binder particlesb. The functions, β(C1) and βs(C1) have
been fit to experimental data in this work (see Section 4.2). The more sophisticated treatment for
these functions, using analytic or computational homogenization over the microstructure, will be
presented in a future communication.
On substituting Equations (32a–32d) in Equation (24) we obtain
s =
(
κ( detF
(1+β)(1+βθ)
−1)−3Pl−3Pb
κs
+ 1
)
(1 + βs)(1 + β
θ
s )
detF
s0 (35)
Assuming the binder to deform at constant volume during charging and discharging such that
detF b = 1, we have
b =
1
detF
b0 (36)
l = 1− s − b (37)
bThis assumption is valid for the through plane temperature distribution due to the relatively thin electrode
structure, but should be re-assessed for the case of large format cells which could have significant in-plane temperature
distributions.
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For the thermal expansion functions, we have chosen
βθs (θ) = Ωs(θ − θ0) (38)
βθ(θ) = Ω(θ − θ0) (39)
for constants Ωs and Ω.
Returning to Equation (18), we assume that although the particles undergo isotropic swelling
in the electrode due to intercalation of lithium, there is unidirectional swelling along the normal to
the separator; i.e., the e2-direction in Figure 4. Accordingly, we have
F ciJ = βδ2iδ2J + δiJ (40)
This assumption models the non-slip boundary condition that would be applied at the current
collector-electrode interface, and which would provide a strong constraint against macroscopic
expansion of the electrode in the e1 and e3 directions. Since we do not directly model the current
collector, this assumption represents its mechanical effect. On a practical note for this work, β(C1)
and βs(C1) were fit to the observed expansion along e2 and used to obtain the numerical results of
Section 4. Thermal expansion is modelled as isotropic3c.
F θiJ = (1 + β
θ)1/3δiJ (41)
Equations (18), (40), (41) and (19) allow the volume fractions to be calculated by also using
Equations (35) and (37).
The separator can be treated as a medium in which the active material and binder are re-
placed by a porous polymer that does not undergo lithium intercalation-induced swelling, but does
experience thermal expansion. Accordingly, the functions β and βs vanish in the separator. The de-
formation of the solid component is det(F s) = det(F
e
s)det(F
θ
s ), which replaces Equation (34). The
stress is T = T l + T s, replacing Equation (27). The volume fraction expressions in the separator
reduce to
s =
(
κ(detF
1+βθ
−1)−3Pl
κs
+ 1
)
(1 + βθs )
detF
s0 (42)
and since the binder is absent,
l = 1− s. (43)
cThe aspect ratio of the computational domain has been chosen with the e2 dimension to be much smaller
than the other two dimensions. Additionally, the boundary conditions do not allow displacement in the e1 and e3
directions on the surfaces of the computational domain that are perpendicular to e2 (see Section 4.1). The solution
to the mechanics problem therefore renders the resulting total strain (driven by intercalation and thermal expansion)
to also be primarily along the e2 direction.
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2.3 Revised specific area and Cmax1
Since we assume that lithium intercalation makes the spherical particles swell isotropically, the
particle radius needs to be updated as follows to determine the specific area, ap = Sp/Vp = 3/Rp.
Here, the particle volume is Vp = Vp0 detF s. From equations (31), (33) and (34), this gives
Vp = Vp0

(
κ( detF
(1+β)(1+βθ)
− 1)− 3Pl − 3Pb
)
κs
+ 1
 (1 + βs)(1 + βθs ), (44)
from which the spherical radius can also be written as
Rp =
(
3
4pi
Vp
) 1
3
(45)
As the particles swell/contract due to lithium intercalation/de-intercalation, the maximum con-
centration of lithium that they can accommodate varies. We define Cmax01 to be the maximum
concentration of lithium in the undeformed particle. This quantity is a material constant. Fur-
thermore, as the particle swells/contracts, the maximum number of lithium atoms that it can
accommodate remains fixed. This implies that
Cmax1 Vp = C
max0
1 Vp0 (46)
from which, using Equation (44), Cmax1 is given by
Cmax1 =
Cmax01(κ( detF(1+β)(1+βθ)−1)−3Pl−3Pb)
κs
+ 1
 (1 + βs)(1 + βθs )
 (47)
2.4 The analytic diffusion profile for lithium in a particle
We note that Equation (2) is derived by using the particle volume-averaged concentration, C1,
but ignoring diffusion of lithium in the solid particle. It is traditional to assume a spherically
symmetric distribution of lithium within the particle due to uniform boundary conditions on the
particle surface, with a parabolic profile along the particle radius.32 Letting c1 denote the intra-
particle lithium concentration, its relation to the volume-averaged concentration, C1, is
C1surf = c1|r=Rp = C1 −
Rpjn
5Ds
. (48)
Where Rp is the time varying particle radius due to swelling given by Equation (45). The detailed
derivation appears in the Appendix.
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3 Numerical treatment
Equations (2), (4), (5-11) and (19) are coupled and highly nonlinear. Furthermore, the coefficients
in the partial differential equations and many response functions, (12a–17), (35–41) and (47) depend
on the primary variables, introducing further nonlinearity to the system of equations. Here, they
are written in weak form and solved by the finite element method using code implemented in the
open source finite element library deal.II.34,35
3.1 The Galerkin weak form and the finite element formulation
For a generic, finite-dimensional field uh, the problem is stated as follows: Find uh ∈ S h ⊂ S ,
where S h = {uh ∈ H 1(Ω0) | uh = u¯ on Γu0}, such that ∀ wh ∈ V h ⊂ V , where V h = {wh ∈
H 1(Ω0) | wh = 0 on Γu0}, the finite-dimensional (Galerkin) weak form of the problem is satisfied.
The variations, wh and trial solutions uh are defined component-wise using a finite number of basis
functions,
wh =
nb∑
a=1
caNa, uh =
nb∑
a=1
daNa (49)
where nb is the dimensionality of the function spaces S
h and V h, and Na represents the basis
functions.
To obtain the Galerkin weak form for each strong form (2), (4), (5-11) and (19), we multiply
the strong form by the corresponding weighting function, integrate by parts and apply boundary
conditions appropriately. The final weak form expressed in terms of residual equations appears
below.
RC1 =
∫
Ωe
wc1s
∂C1
∂t
dv +
∫
Ωe
wc1C1
∂s
∂t
dv +
∫
Ωe
wc1sapjndv = 0, (50)
RC2 =
∫
Ωe
wc2l
∂C2
∂t
dv +
∫
Ωe
wc2C2
∂l
∂t
dv −
∫
Ωe
wc2(1− t0+)sapjndv
+
∫
Ωe
∇wc2Deff∇C2dv −
∫
S
wc2Deff∇C2 · ndS = 0, (51)
RφS = −
∫
Ωe
∇wφS [σeff(−∇φS)]dv +
∫
Ωe
wφSaFjndv +
∫
S
wφS [σs(−∇φS)] · ndS = 0, (52)
RφE = −
∫
Ωe
∇wφE [γeff(−∇φE) + γeff
2RT
F
(1− t0+)∇ lnC2]dv −
∫
Ωe
wφEapFjndv
+
∫
S
wφE [γeff(−∇φE) + γeff
2RT
F
(1− t0+)∇ lnC2] · ndS = 0, (53)
14
Rθ =
∫
Ωe
wθρCp
∂θ
∂t
dv +
∫
Ωe
∇wθλ∇dv −
∫
Ωe
wθQdv −
∫
S
wθλ∇θ · ndS = 0, (54)
Ru =
∫
Ωe
∇wuTdv −
∫
S
wuf · ndS = 0, (55)
where Q = Qrxn +Qrev +Qohm in the electrodes as in Equation (10) and Q = Qohm in the separator
as in Equation (11). The fields wc1 , wc2 , wφS , wφE , wθ and wu are weighting functions for the
corresponding primary variables. Time integration is achieved by the Backward-Euler algorithm.
3.2 Algorithmic differentiation
The analytical linearization of the residual equations (50-55) to obtain the Jacobian matrix is
tedious and is fraught with the danger of algebraic mistakes. Symbolic differentiation is an option,
but its speed can be a limitation for complicated nonlinear and coupled problems such as those in
the present communication. An easy alternative is the use of numerical differentiation tools built
into many standard solver packages. However, for a highly non-linear set of equations, numerical
differentiation is inaccurate and ultimately unstable. An effective and efficient alternative is the
use of algorithmic (or automatic) differentiation (AD), which works by application of the chain
rule to algebraic operations and functions (polynomial, trigonometric, logarithmic, exponential
or reciprocal) in the code. AD thus works to machine precision at a computational cost that is
comparable to the cost of evaluation of the original equations. We use AD in this work to linearize
Equations (50-55), and compute the Jacobian matrix. Specifically, we use the Sacado package,
which is part of the open-source Trilinos project.36,37
4 Numerical examples
Using a prototype Li ion battery cell, we present a number of numerical results to demonstrate (i)
the evolution of porosity driven by lithium intercalation/de-intercalation, thermal expansion and
mechanical stresses, and (ii) the influence of the evolving porosity, via electrostatic and reaction-
transport coefficients, on the battery’s characteristics. We present as a benchmark, a computation
with fixed porosity, i.e. decoupled from the effects of lithiation and strain, and under isothermal
conditions. It is compared with other computations that include non-uniform lithiation, non-
isothermal conditions and thermal strain effects.
4.1 The initial/boundary value problem
We model a three dimensional cell (Figure 4) of size 120, 000µm× 128µm× 85, 000µm. For ease of
interpretation of the coupled physics in this first communication, the boundary conditions and dis-
tribution of coefficients have been chosen to render the problems to be effectively one-dimensional.
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Table 1: The boundary conditions applied on each of the governing partial differential equations,
and electrode-separator interface conditions.
RC1 : - -
RC2 : ∇C2 · n = 0 on all surfaces
RφS : −σeff∇φS · n = I/F on surface 2
φS = 0 on surface 1
[−∇φS)] · n = 0 on interfaces and remaining boundary surfaces
RφE : [γeff(−∇φE) + γeff 2RθF (1− t0+)∇ lnC2] · n = 0 on all surfaces
Rθ: −λ∇θ · n = h(θ − θair) on all surfaces
Ru: u = u0e2 u = 0 on surface 1 and 2
T · n = 0 on other surfaces
The fields do not vary along the e1 and e3 directions. Therefore a single element sufficed along
these directions. An element width of 1µm was used along the e2 direction. Trilinear hexahedral
elements were used. Because of the one-dimensional nature of the problems considered, the high
element aspect ratios did not manifest in numerical ill-conditioning. In order to overcome the
stiff dynamics using the Backward Euler algorithm, initial time steps of 0.1s were used, gradually
increasing to 10s for computations at the 1 C rate, and 1s for the 10 C rate.d Details of all pa-
rameters and initial conditions are summarized in the Appendix. The partial differential equations
solved are either parabolic (Equations (51) and (54)) or elliptic (Equations (52), (53) and (55)),
and so boundary conditions must be specified on each surface. Conservation of lithium ions in the
electrolyte translates to zero flux boundary conditions for C2. Since φS is only defined over the
electrodes, it has boundary conditions specified on the domain boundaries, and interface conditions
at the electrode-separator interfaces. Its boundary conditions are φS = 0 at x2 = 0 (reference
potential), and −σeff∇φS ·n = I/F at x2 = 128µm (applied current). The boundary conditions on
the field in the electrolyte are ∇φE ·n = 0 on all boundaries. Boundary conditions for the thermal
field, θ, correspond to conductive heat transfer to the ambient air which is assumed to be at 25◦C.
For mechanics, displacement boundary conditions are prescribed, u = 0 at x2 = 0, and u = u0e2
at x2 = 128µm. These mechanical boundary conditions compress the cell to a fixed total strain as
is common in automotive battery packs. The remaining surfaces are taken to be traction-free. The
boundary and interface conditions are summarized in Table 1, where the surfaces referred to are
depicted in Figure 4.
We computed a full cycle (discharging and charging) under 10 C and 1 C current rates for
the cases outlined in (i) and (ii) above. For cases with decoupled porosity, the initial porosity,
s0 , from which discharging happens, has been set higher than in the coupled porosity case to
ensure that when fully discharged, both these models have the same porosity. This leads to smaller
dA 1 C rate means that a battery rated at N Ah should supply N Amperes for 1 hour.
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θθ
θ
Figure 4: A schematic of the initial/boundary value problem showing the fields solved for in the
electrode and separator sub-domains, with the surfaces labelled.
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initial volume fractions of solid particles for cases with decoupled porosity. However, the total
number of moles of lithium in the electrode is identical for both cases when they start at the
same state of charge (SOC). The parameter Cmax1 therefore changes as expressed by Equation (47).
All initial porosity distributions were taken to be uniform. For studies of the effect of porosity
we considered two cases: (a) βs 6= 0, β = 0; i.e., particle swelling is accommodated within the
electrode free volume and (b) βs 6= 0, β 6= 0; particle swelling causes electrode swelling. Here,
SOC was calculated by coulomb counting. Since constant current rates were applied, the SOC was
defined as SOC = 1 − current timetotal time for discharging, or SOC = current timetotal time for charging, where the
total time was for fully discharging or fully charging the cell. These definitions are equivalent to a
volume averaged notion of SOC, given by SOC = (η¯ − C1soc0)/(C1soc100 − C1soc0), where η¯ is the
electrode volume average of η, recalling the definition η = C1/C
max
1 , and C1socy is the fraction of the
theoretical electrode maximum lithium content at the given SOC. Thus defined, SOC is equivalent
for both electrodes in the absence of side reactions or loss of lithium.
4.2 Calibration of response functions
For our prototypical Li ion battery cell, the swelling function β was fit to data of Oh et al.38–see
Equation (56) and Figure 5–and βs was fit to data of Takami et al.
39–see Equation (57) and Figure
6. The swelling functions were redefined as, β(C1) = βˆ(η) and βs(C1) = βˆs(η), with
βˆ(η) =
0.0189η5 − 0.039η4 + 0.053η3 − 0.034η2 + 0.009η − 0.0002
η2 − 0.885η + 0.258 , (56)
βˆs(η) = 1.496η
3 − 1.739η2 + 1.020η − 0.033 exp(2.972η)− 0.046 tanh(η − 0.1
0.1
)
− 0.004 tanh(η − 0.3
0.1
) + 0.021 tanh(
η − 0.65
0.1
). (57)
Lithium intercalation and de-intercalation were modelled only in the negative electrode. In the
positive electrode we assume β(C1) = 0 and βs(C1) = 0, motivated by experimental observations
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that the positive electrode has insignificant swelling. While Pl and Pb are not evaluated numerically
in our computations, we assume that Pl  κs, and Pb  κs. Therefore, the actual values chosen
for Pl and Pb do not influence the porosity strongly, and these parameters were set to zero in the
numerical examples. All other parameter values are listed in the Appendix.
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Figure 5: Data for the electrode lithiation expansion function, β, is from Oh et al.38 The solid
curve is a fit given by Equation (56). Here, η = C1Cmax1
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Figure 6: Data for the particle expansion function, βs, is from Takami et al.
39 The solid curve is a
fit given by Equation (57). Here, η = C1Cmax1
.
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4.3 Computational results
With βs = 0, β = 0, there is no expansion/contraction of the particle and composite electrode due
to lithium intercalation/de-intercalation. For βs 6= 0, β = 0, the particle expands with Li interca-
lation; however, the composite electrode does not itself expand but accommodates the expanding
particle in the microstructure’s free volume. For βs 6= 0, β 6= 0, both the particle and composite
electrode expand with Li intercalation. Figures 7 and 8, respectively, show the porosity distribution
through the thickness of the electrodes and separator (along the x2 coordinate) at the indicated
state of charge for the 10 C rate, under isothermal and non-isothermal (governed by the heat equa-
tion) conditions. The compressive boundary conditions cause porosity to decrease rapidly in the
separator as the free volume is compressed, while the porosity decrease in the stiffer electrodes is
relatively small. This is seen in the black (initial) and purple (very short times after start of the
computation) curves of Figure 7. The porosity has fallen further to l ∼ 0.32 by SOC = 91% . Dur-
ing discharge, lithium undergoes de-intercalation from the solid particles in the negative electrode,
causing its porosity to increase by contraction. When the cell is fully discharged, the porosity has
increased to about l = 0.35 in the negative electrode. We note that the negative electrode also
undergoes mechanical contraction due to the de-intercalation. When fully discharged, the volume
of the negative electrode therefore contracts by about 9%. This results in a smaller increase in
porosity compared with the case of no expansion of the composite electrode (βs 6= 0, β = 0) for
which l ∼ 0.36. We assume there is no intercalation strain in the positive electrode as justified
above (see Section 4.2). Therefore its deformation is only due to stress transmitted from the neg-
ative electrode’s expansion/contraction, and due to its own thermal strain. However, the small
thermal expansion results in insignificant dimensional change, and since the separator is one order
of magnitude less stiff than the electrodes, the stress state induced under the applied displacement
boundary condition causes insignificant strain in the positive electrode. As a result, the porosity
of the positive electrode remains fairly constant.
From the computations, we note that temperature significantly affects the coefficients of the
electro-chemical equations; i.e., the transport, conductivity and reaction parameters. Under isother-
mal conditions, the lithium and lithium ion concentrations are much more non-uniform in the neigh-
borhood of the separator, as seen in Figures 9 and 10, and the porosity is also highly non-uniform
by the end of the cycle, as seen in Figure 7. With evolving porosity, the changes in solid particle
volume fraction, s, during discharging/charging exaggerate the nonlinearity of the reaction rate.
The reaction is further confined to the region adjacent to the separator at high currents due to
the reduced porosity. The non-linear and highly coupled set of equations (2-9) which describe the
transport and reaction of lithium ions across the cell remains a challenge for numerical solvers
as discussed by Ramadesigan et al.33 Our simulations failed to converge after a few time steps
at high current rates (10 C), as the local value of C1 → Cmax1 in the negative electrode during
charging, and the open circuit potential U approaches zero (see Equations (7-9) and Figure 2). In
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Figure 7: Porosity evolving at the 10 C rate under assumed isothermal conditions; i.e., without
solving the heat equation. Dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0. The two
solid lines represent the porosity at the initial state (black) and just after compression (purple). The
porosity is highly non-uniform in the negative electrode and does not recover its initial distribution.
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Figure 8: Porosity evolving at the 10 C rate under non-isothermal conditions. Dashed curves:
βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0. The two solid curves represent the porosity at the
initial state (black) and just after compression (purple).
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Figure 9: Lithium concentration at 10 C rate under isothermal conditions. Solid curves: βs = 0,
β = 0; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0. Note, that for βs = 0, β = 0
the battery can be recharged up to SOC = 76% (solid purple line).
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Figure 10: Lithium ion concentration at a 10 C rate under isothermal conditions. Solid curves:
βs = 0, β = 0 ; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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Figure 11: Porosity at the midpoint of the separator at the 10 C rate. The midpoint was chosen
because the porosity is fairly uniform in the separator (see Figure 8.) Dashed curves: under
isothermal conditions; solid curves: under non-isothermal conditions. The initial drop is due to the
displacement boundary condition, which places the cell under compression, as explained in the text.
“Ref” represents the initial porosity, which would remain fixed were the influence of mechanics not
included in the model. From this reference, the porosity falls as soon as the computation starts,
due to the compression.
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this limit, the surface over-potential φS − φE −U takes on large positive values. Consequently, the
positive exponential term in Equation (7) grows, leading to high rates in the Butler-Volmer equa-
tion. Combined with the nonlinearly coupled equations, this results in a stiffness due to which the
discretized Jacobian matrix is not positive definite even with very small time steps, and the direct
solver (UMFPACK) fails. Consequently, we report that at fixed temperature, the computation
with constant porosity can be advanced up to SOC = 76% during charging, which is greater than
the maximum SOC of the cases with evolving porosity, as shown in Figure 9. The above trends
in the negative electrode are reversed during discharging: C1 → 0, U approaches its maximum,
φS−φE−U takes on large negative values, and the negative exponential term in term in Equation
(7) grows, leading to high rates in the Butler-Volmer equation. In this regime also, the direct solver
fails and the numerical solution did not converge after some time.
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Figure 12: The temperature rises by ∼ 45 K at the 10 C rate during a full discharge-charge cycle.
During discharge, the contracting electrode undergoes stress relaxation. Stress equilibrium
under the applied displacement boundary condition (Table 1) then causes the separator to expand.
Thereby, its porosity increases from l = 0.62 to ∼ 0.64 as seen in the blue curves in Figure 11.
This porosity gain is surrendered during charging.
As explained above, the high concentration of lithium forces a numerical divergence, which we
trace to the growth of exponential terms in the Butler-Volmer model as C1 → Cmax1 during charging,
and numerical stiffness of the system of equations causing the direct solver to fail. This divergence
happens before the cell is fully charged to its initial state from which discharging begins. However,
this holds only for computations in the isothermal case. During operation, the battery heats up to
∼ 45◦ C at the 10 C rate (Figure 12), leading to higher diffusivities and a more uniform distribution
of lithium concentration as seen by comparing Figure 9 with Figure 13, as well as more uniform
lithium ion concentrations, as seen by comparing Figure 10 and Figure 14. The Butler-Volmer model
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Figure 13: Lithium concentration at 10 C rate under non-isothermal conditions. Solid curves:
βs = 0, β = 0; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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Figure 14: Lithium ion concentration at 10 C rate under non-isothermal conditions. Solid curves:
βs = 0, β = 0; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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Figure 15: The electric potential field in the electrolyte, φE at 10 C rate under isothermal conditions.
Solid curves: βs = 0, β = 0; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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Figure 16: The electric potential field in the electrolyte, φE at 10 C rate under non-isothermal
conditions. Solid curve: βs = 0, β = 0; dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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does not cause a numerical divergence of the solution before being fully charged back to its initial
state under these conditions. The porosity also is largely recovered, although at a slightly more
non-uniform distribution than before discharge (Figure 8). From the computations we note that
the evolving porosity most strongly affects the potential in the electrolyte at states that are close
to fully discharged, as seen in Figures 15 and 16. Figure 17 shows the solid phase potential profile
where porosity changes show little effect. However, when the porosity undergoes large changes, such
as if the function βs(C1/C
max
1 ) ∼ 2 as has been assumed for the non-isothermal case computed in
Figure 18, it has a strong influence on the potential profile. Although such large values of βs are
not the focus of this communication, this scenario may be instructive for studying materials such
as tin oxide which undergoes 250% volume expansion.19 The non-symmetric potential profile with
respect to discharging/charging in Figure 18 reflects the fundamental irreversibilities in battery
operation, here arising due to the transport-reaction and heat conduction/generation phenomena.
During operation, the electrodes deform due to lithium intercalation, thermal expansion and
external traction. Since the stress induced by cell deformation is uniform through the cell thickness
in these effectively one-dimensional phenomena, we have shown the surface traction force evolving
with time in Figure 19. The displacement boundary condition imposes an initial compressive stress
on the cell. This compressive stress relaxes since the electrode contracts during discharging, and
increases again as the electrode swells due to intercalation during charging. Figure 19 also shows
that the force induced by lithium intercalation is large, but that generated by thermal expansion
is small and evolves steadily.
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Figure 17: φS at 10 C rate. Dashed curves: under isothermal conditions; solid curves: under
non-isothermal conditions.
The same initial and boundary value problem was also run at the 1 C current rate under non-
isothermal conditions (Figures 20-23). Under this low current rate, however, thermal effects are
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Figure 18: φS at 10C rate under non-isothermal conditions with ∼ 200% porosity change:
βs(C1/C
max
1 ) ∼ 2.
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Figure 19: Force generated at the 10 C rate. Dashed curves: under isothermal conditions; solid
curves: under non-isothermal conditions. The particle swelling function, βs, is decoupled from
the composite electrode swelling function, β. So, βs has no influence on the force induced by cell
deformation. Accordingly, there is nothing to distinguish between the cases βs = 0, β = 0 (red
curves) and βs 6= 0, β = 0 (blue curves).
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insignificant, the kinetics are slow and thermodynamic dissipation rates are also low. Consequently
the battery’s performance is much more symmetric in a discharging→charging cycle. Additionally,
porosity evolution is uniform, as shown in Figure 20, and the lithium concentration is also uniform
as shown in Figure 21. The porosity evolution in the separator in Figure 22 and the solid phase
potential in Figure 23 reflect this symmetry.
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Figure 20: Porosity evolving at the 1 C rate. Dashed curves: βs 6= 0, β 6= 0; dotted curves: βs 6= 0,
β = 0. Porosity at the low current rate is reasonably uniform. The solid curves represent porosity
at the initial state (black) and just after compression (purple).
5 Discussion and conclusions
Porosity studies in the literature on battery materials have focused on modeling fixed microstruc-
tures of porous electrodes as outlined in the Introduction. In principle, microscale models can
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Figure 21: Lithium concentration at the 1 C rate. Solid curves: βs = 0, β = 0; dashed curves:
βs 6= 0, β 6= 0; dotted curves: βs 6= 0, β = 0.
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Figure 22: Porosity in the separator at the 1 C rate. “Ref” represents the initial porosity, which
would remain fixed were the influence of mechanics not included. The porosity changes in the
separator due to its compression/expansion as the adjacent electrodes deform. As a result, for
β = 0, there is no discernible porosity change in the separator, given that thermal expansion is also
insignificant. At this low current rate the small thermal expansion causes the porosity to decrease
slightly.
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Figure 23: The terminal voltage at the 1 C rate, which is given by the electric field in the solid,
φS, evaluated at boundary of the domain. At this low C-rate the change in porosity has virtually
no impact on the cell terminal voltage.
account for the porous microstructure and its evolution. However it has remained hard to bridge
scales and to have the microscale evolution be reflected in macroscale simulations of electrodes.
Non-uniform lithium intercalation and de-intercalation cause active particle expansion and con-
traction, respectively, thus making the porosity vary as a field over the cell. This variation induces
spatially non-uniform stress fields governed by the partial differential equations of mechanics. The
spatial non-uniformity notwithstanding, porosity induced by lithium intercalation/de-intercalation
is often described in terms of the cell-level quantity of SOC.24 To state the obvious, such approaches
ignore spatial variations and, therefore, the results of this non-uniformity. In contrast, our work has
taken a step toward a framework in which the dynamics of lithium intercalation/de-intercalation
drive the evolution of spatially non-uniform porosity expressed in terms of spatially non-uniform
volume fraction fields. Our model has been developed for three dimensional, finite strain elasticity,
motivated by the large expansions caused by lithium intercalation (see Figures 5 and 6). While
based on mixture theory, the model does use a number of simplifications as seen in Section 2.2.
These include the constancy in time and uniformity in space of the pore pressure and stress in the
binder, as well as the isotropy of the stress in the binder. However, the stiffness of the particles
relative to the composite electrode implies that κs  κdetF in Equation (35), and we assume
that Pl, Pb  κs. It is therefore apparent from Equation (35) that the solid volume fraction and
porosity are controlled by the particle’s intercalation-induced swelling and thermal expansion. The
preceding assumptions thus do not have a large effect on the computed solutions, but it is desirable
to improve upon these models.
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We also draw attention to the fact that, in this first communication, rather than immediately
demonstrate the model on three-dimensional domains and the attendant variations in porosity, we
have chosen to study our coupled formulation on simpler problems. We have therefore considered
effectively one-dimensional initial and boundary value problems for the changes wrought in Li+ ion
concentration, Li intercalation, volume fractions, and electric potential, by employing the coupled
electro-chemo-thermo-mechanical models. Our main focus in this regard has been on the effects of
the evolving porosity.
Porosity changes affect the coefficients of transport-reaction and electrostatics, and thereby
affect battery performance. Lithium intercalation causes swelling and decreases porosity in the
electrodes. Swelling electrodes decrease the porosity in the separator by inducing a compressive
stress in the cell, when the total length of the cell is constrained, which is typical of hard-cased
prismatic automotive battery cells. Because of the higher speeds of elastic wave propagation rel-
ative to diffusion and migration, the mechanics is solved under quasi-static conditions. External
loads therefore affect porosity uniformly and instantaneously, unlike lithium intercalation, which is
subject to the rates dictated by kinetics. Thus driven by the mechanics, for the parameter set used
in our computations, the porosity decreases more sharply in the separator than in the electrodes
due to the low stiffness of the former. For the same parameter set, thermal expansion has little
effect on porosity since it is small compared to the swelling caused by lithium intercalation and
external loads. However, the temperature strongly affects almost all transport-reaction parameters.
In our computations the thickness change (∼ 9%) of the electrode caused by lithium interca-
lation does not have a very strong effect on porosity, but this may not be the case when studying
materials such as tin oxide which undergoes 250% volume expansion.19 The accompanying extreme
mechanical deformation will have very pronounced effects on porosity, which our model can capture
by proper parametrization of the swelling functions βs(C1) and β(C1). Here, we have parametrized
the cell swelling functions at low discharge rates where the concentration distribution across the
electrode remains uniform, thus enabling correlation with the measurements on the bulk electrode.
This assumption was verified by the 1 C rate simulations which showed uniform concentration
distribution across the electrode, whereas the expansion data was collected at the C/20 rate. The
model highlights the importance of coupled mechanical deformation, porosity decrease and local
transport especially at high rates when the reaction distribution is non-uniform. These local trans-
port limitations from decreased porosity will be especially important for the modeling and design
of both high power cell, and high energy density cells with thick electrodes.
In this computational study, our material data have come from a few different sources. For other
parameter sets, we do expect some quantitative changes in the predictions. The main assumption
in this regard is the absence of porosity changes in the positive electrode, motivated by the studies
of Wang et al.12 and Oh et al.38 For a model that reflects porosity changes of the positive electrode,
we would expect qualitatively different results where transport limitations in the cathode would
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also contribute to the overall terminal voltage response at high current rates. If both electrodes
expanded during lithium intercalation, the stress and porosity change in the separator would be
reduced, as compared to the case when only one electrode expands, because during discharge or
charge one electrode would be expanding while the other contracts.
We have only fitted β(C1) and βs(C1) as functions of SOC, However, β(C1), the expan-
sion/contraction due to lithium intercalation/de-intercalation, depends on the electrode microstruc-
ture. Computations that fully resolve the microstructure at the particle scale would operate with
concentration fields varying within the particle, from which properly non-uniform fields would
emerge for F cs, provided that such a model can be parameterized completely. Computational ho-
mogenization schemes could then be applied to extract βs(C1), which can be defined as an average
over the active particles within a representative volume, as well as β(C1).
The computational homogenization scheme would also apply to other electrode-level parameters
such as the diffusivities, conductivities and the pre-factor of the Butler-Volmer equation. The
expansion/contraction due to lithium intercalation/de-intercalation in the crystal structure within
a particle could be obtained by density functional theory (DFT) computations. Kinetic Monte
Carlo methods, with energy barriers obtained by DFT, could provide kinetic parameters for the
particle scale computations. In this work we have adopted the Bruggeman relations with constant
coefficients to describe the effects of porosity upon transport parameters at the electrode scale.
However, these relations also could be replaced by more accurate forms obtained by computational
homogenization of particle scale models. Similar paths toward model development appear in the
literature,42,43 and we propose that models such as ours can serve as platforms on which to test
the predictions, at the macroscopic scale, of such studies.
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A Appendix: Derivation of the electro-chemical equations with
finite strain of the electrodes and separator
The material balance for concentration of lithium C1 in a particle in the deformed configuration is
d
dt
∫
Ωp
C1dv +
∫
Γp
jnds = 0 (58)
where jn is the outflux of lithium over the particle, which is integrated over Γp, surface of the par-
ticle. Suppose that there are N particles, of volume V ip = m(Ω
i
p), (i = 1, . . . N) in a representative
element of volume Ve = m(Ωe). Then,
N∑
i=1
V ip = Ves (59)
where s is the volume fraction of solid particles. In the representative volume element
d
dt
∫
Ωe
sC1dv +
N∑
i=1
Sipj
i
n = 0, (60)
where Sip is the surface area of particle i, and j
i
n is the normal flux, assumed constant over the
particle. It can also be written as
d
dt
∫
Ωe
sC1dv +
N∑
i=1
aipV
i
pj
i
n = 0 (61)
where the specific area is aip = S
i
p/V
i
p , and reduces to the inverse radius a
i
p = 3/R
i
p for spherical
particles. Note that it varies with change in volume of the solid particle during lithium intercalation
or de-intercalation. Replacing the sum with an integral in the limit of a large number of particles
in the volume Ωe, leads to
d
dt
∫
Ωe
sC1dv +
∫
Ωe
sapjndv = 0 (62)
where quantities in the integrand are regarded as continuous functions of position, x. Pulling back
the volume integration to the reference configuration by a change of variables,
d
dt
∫
Ωe0
sC1JdV +
∫
Ωe0
sapjnJdV = 0 (63)
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where J = detF and F is the deformation gradient tensor over the porous electrode. Recognizing
that C1(x, t) is parameterized in terms of the deformed configuration, and using a standard result
for J˙ = Jdivv, we have∫
Ωe0
(
(
∂(sC1)
∂t
+∇(sC1) · v)J + sC1dJ
dt
)
dV +
∫
Ωe0
sapjnJdV = 0 (64)
For smalll velocities v and volume deformation rates divv, this reduces to∫
Ωe0
∂(sC1)
∂t
JdV +
∫
Ωe0
sapjnJdV = 0, (65)
and in the deformed configuration,∫
Ωe
∂(sC1)
∂t
dv +
∫
Ωe
sapjndv = 0, (66)
The ordinary differential equation for mass balance of lithium is obtained by a standard localization
argument:
∂
∂t
(sC1) + sapjn = 0, in Ωe (67)
The material balance for lithium cations in the polymer/salt electrolyte C2 is,
∂C2
∂t
= −∇ ·N+ − s+
nF
∇ · i2 (68)
where N+, the flux of cations homogenized over both matrix and pore, is
N+ = C2v
∗ − lDeff∇C2 +
t0+
z+nF
i2 (69)
with v∗ being the velocity averaged over matrix and pore. The current density i2 in the pore phase
is related to pore wall flux jn in the electrolyte phase through the relation
apFjn = ∇ · i2 (70)
Equations (68) to (70) are in the form used by Newman and Tiedemann.26 Consistent with the
assumption of low material velocities, we set v∗ = 0 and t0+ to be a constant. Written over the
electrode volume in the deformed configuration, the integral form of lithium cation balance is:
d
dt
∫
Ωe
lC2dv =
∫
Ωe
−∇ · (−lDeff∇C2)dv −
∫
Ωe
(
t0+
z+n
+
s+
z+n
)
sapjndv (71)
Commonly for lithium-ion batteries the choice
t0+
z+n
+ s+z+n = −1 + t0+ is made,25 leading to:
d
dt
∫
Ωe
lC2dv =
∫
Ωe
∇ · (lDeff∇C2)dv + (1− t0+)
∫
Ωe
sapjndv (72)
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Rewriting the above equation by pulling back to the reference configuration, we have
d
dt
∫
Ωe0
lC2JdV =
∫
Ωe0
∇ · (lDeff∇C2)JdV + (1− t0+)
∫
Ωe0
sapjnJdV (73)
Persisting with the assumption of low velocities v and volumetric rates of deformation divv, this
leads to ∫
Ωe0
∂(lC2)
∂t
JdV =
∫
Ωe0
∇ · (lDeff∇C2)JdV + (1− t0+)
∫
Ωe0
sapjnJdV (74)
and, over the deformed electrode configuration,∫
Ωe
∂(lC2)
∂t
Jdv =
∫
Ωe
∇ · (lDeff∇C2)dv + (1− t0+)
∫
Ωe
sapjndv (75)
A standard localization argument leads to the partial differential equation for mass balance of Li+
ions:
∂
∂t
(lC2) = ∇ · (lDeff∇C2) + (1− t0+)sapjn (76)
Here we have begun the derivation of the equations in the deformed configuration and pulled them
back to the reference configuration, mainly because the actual transport coefficients are typically
measured over samples that have not undergone large deformation under the effect of lithiation
and thermal expansion. The final equations, however, are in the deformed configuration.
We next consider the equations for the electric fields in the form presented by Doyle et al.25
The current density in the solid phase, i1, is governed by Ohm’s law:
i1 = −σeff∇φS (77)
where σeff is the effective conductivity and φS is the potential in the solid phase. The current
density in the electrolyte phase, i2, is driven by the gradient of the corresponding potential, φE as
well as the cation potential gradient:
i2 = −γeff∇φE + γeffRθ
F
(1 +
∂ ln f
∂ lnC2
)(
t0+
z+n
+
s+
z+n
)∇ lnC2 (78)
where θ is temperature and keff is the effective conductivity corresponding to φE. Gauss’ Law takes
on the form
∇ · i1 = −aFjn (79)
∇ · i2 = aFjn (80)
where F is the Faraday constant. Note that the above equations guarantees current conservation
over the effective electrode:
∇ · (i1 + i2) = 0 (81)
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Re-arranging equations (70) and (77–81), and using 1 + ∂ ln f∂ lnC ≈ 2,27 we obtain
∇ ·
(
γeff(−∇φE) + γeff 2Rθ
F
(1− t0+)∇ lnC2
)
= aFjn (82)
∇ · (σeff(−∇φS)) = −aFjn (83)
Finally, we detail the derivation between the intra-particle lithium concentration, c1 and its
value averaged over the particle, C1. Starting with the assumption of a parabolic profile for c1,
c1 = a0 + a1r + a2r
2 (84)
The profile satisfies an influx boundary condition at the particle’s surface
Ds
∂c1
∂r
∣∣∣∣
r=R
= −jn (85)
where Ds is the diffusivity of lithium within the particle. Symmetry at r = 0 requires
∂c1
∂r
∣∣∣∣
r=0
= 0. (86)
The local concentration, volume-averaged over the particles, is the field denoted by C1. It is
obtained by solving Equation (2), and by using
C1 =
1
Vp
∫ Rp
0
c14pir
2dr (87)
Solving Equation (87) with Equations (86) and (85) we can determine the three coefficients in the
parabolic profile as
a0 = C1 −
3a2R
2
p
5
; a1 = 0; a2 =
−jn
2DsRp
(88)
Then the surface concentration is obtained as Equation (48).
B Appendix: Material data
The swelling and voltage data describing a graphite negative electrode, microporous polypropy-
lene/polyethylene separator and lithium nickel/manganese/cobalt oxide (NMC) positive electrode
were used for this study. A full set of electrochemical model parameters for NMC was not avail-
able for this study, therefore baseline parameters from the literature (from other cathode materials
where appropriate) were used as the initial point for simulation. Identification and validation of the
parameters against experimental data for the Carbon-NMC cell will be investigated in a following
communication. Since the positive electrode expansion is minimal the graphite properties were
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critical for visualizing the impact on cell performance due to electrode swelling as highlighted in
Fig 8.
Upon defining η = C1Cmax1
, the function ∂U∂θ can be written as a fit with the following forms, and
is shown in Figure 24:
∂U
∂θ
=

0.01442 ∗ η2 − 0.00291 ∗ η − 0.000138 η <= 0.2
0.00634 ∗ η3 − 0.006625 ∗ η2 + 0.002635 ∗ η − 0.0004554 0.2 < η <= 0.4
0.001059 ∗ η − 0.0004793 0.4 < η <= 0.5
0.00025 ∗ η − 7.5× 10−5 0.5 < η <= 0.7
−0.001 ∗ η + 0.0008 0.7 < η <= 0.8
0.0333 ∗ η2 − 0.057 ∗ η + 0.02427 0.8 < η <= 0.82
0.002 ∗ η2 − 0.0039 ∗ η + 0.00177 0.82 < η <= 0.95
−0.0014 ∗ η + 0.0012 0.95 < η <= 1
(89)
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Figure 24: Data for ∂U/∂θ is from Oh et al.38 The solid curve is a fit given by Equation (89).
Here, η = C1Cmax1
.
Symbol Name Unit LiC6 Sep NMC
constant
F Faraday’s constants pC/pmol 96487
R Universal gas constant pJ/(pmol·K) 8.3143
θ0 Initial temp K 298
Cell geometry
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l Thickness38 µm 60 23 45
w1 Side length
38 µm 120× 103
w2 Side length
38 µm 85× 103
Electrochem parameters
αa Transfer coeff
44 - 0.5 - 0.5
αc Transfer coeff
44 - 0.5 - 0.5
k0 kinetic rate constant
e
√
pmol/(µm2s) 8.0× 10−4 - 8.0× 10−4
R0 Radius of solid particles
e µm 8.0 - 6.0
σ Conductivity: active matle p(Ωµm)−1 1.5× 108 - 0.5× 108
Ds Diffusivity of lithium
44 µm2/s 5× 10−1 - 1× 10−1
t+0 Transfer number
47 - - 0.2 -
s0 Init solid vol frac
f - 0.53 0.35 0.5
l0 Initial porosity
f - 0.32 0.65 0.35
s r0 Init solid vol frac
f - 0.485 0.362 0.5
for no porosity change
l r0 Initial porosity
f - 0.362 0.638 0.35
for no porosity change
Cmax01 Maximum Li conc
29 pmol/µm3 28.7× 10−3 - 37.5× 10−3
C1soc 100 Maximum SOC
f - 0.915 - 0.022
C1soc 0 Minimum SOC
f - 0.02 - 0.98
C2 ini Init conc Li ion
f pmol/µm3 - 1.0× 10−3 -
Therm parameters
ρ Density40 kg/µm3 2.5× 10−15 1.1× 10−15 2.5× 10−15
Cp Specific heat
40 pJ/(kgK) 7× 1014 7× 1014 7× 1014
λ Therm conductivity41 W/(mK) 1.04× 106 0.33× 106 5× 106
h heat transfer coeff3 W/(m2K) 5 5 5
Ω Therm exp coeff3 1/K 9.615× 10−6 82.46× 10−6 6.025× 10−6
Ωs Therm exp coeff
g 1/K 6× 10−6 6× 10−6 6× 10−6
of AM particle
Elasticity parameters
eEstimated based on references.22,45,46
fInitial conditions.
gEstimated based on properties of carbon.
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κ Bulk modulus: cellh GPa 4.94× 10−3 0.42× 10−3 7.4× 10−3
κs Bulk modulus: carbon
h GPa 25× 10−3 - 25× 10−3
E Young’s modulus: cell3 GPa 5.93 0.5 8.88
ν Poisson’s ratio5 - 0.3 0.3 0.3
u0 Disp boun cond
i µm -0.24
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